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ON THE SINGER FUNCTOR R1 AND THE FUNCTOR Fix
GEOFFREY M.L. POWELL
Abstrat. Lannes' T -funtor is used to give a onstrution of the Singer
funtor R1 on the ategory U of unstable modules over the Steenrod algebra
A. This leads to a diret proof that the omposite funtor FixR1 is naturally
equivalent to the identity. Further properties of the funtors R1 are dedued,
espeially when applied to redued and nillosed unstable modules.
1. Introdution
The purpose of this paper is to make expliit the relation between the Singer
funtor R1 and Lannes' T -funtor and to dedue some immediate onsequenes.
The funtor R1 : U → F[u]−U takes values in the ategory of F[u]-modules in
unstable modules, where F is taken to be F2 (analogous results hold at odd primes).
The Singer funtor is an important tool, whih arose in the work of Singer on the
ohomology of the Steenrod algebra.
The funtor R1 has remarkable properties, in partiular it preserves nillosed
unstable modules. This means that it is amenable to study by T -funtor tehnology,
whih provides a rst approximation, R˜1, to the funtor R1, where R˜1M is dened
as the kernel of a natural morphism F[u] ⊗ M → F[u] ⊗ TM . The main result
is summarized by the following, in whih UProj denotes the full subategory of
projetive unstable modules.
Theorem 1. The funtor R˜1 : U → F[u]−U satises the following properties:
(1) the funtor R˜1 is left exat;
(2) the funtor R˜1 oinides with R1 on nillosed unstable modules;
(3) the funtor R1 is naturally equivalent to R˜
K
1 , the left Kan extension of the
funtor R˜1|UProj , hene there is a natural transformation R1
∼= R˜K1 → R˜1.
The identiation of R˜K1 with R1 depends on properties of the Singer funtor R1;
this result is not used in the proofs of the subsequent results of the paper, whih
an be interpreted as results for R1, via Theorem 1.
The funtor Fix : F[u]−U → U is the left adjoint to the funtor F[u]⊗− : U →
F[u]−U . The above leads to a diret proof of the following result.
Theorem 2. Let M be an unstable module. There is a natural isomorphism
FixR˜K1 M
∼=
→M.
This is then used used to show:
Theorem 3. Let M be a redued unstable module, then the natural transformation
R˜K1 M → R˜1M
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is an isomorphism.
With this result in hand, all properties of the funtor R˜K1 an be dedued from
properties of the funtor R˜1, whih are transparent when onsidered modulo nilpo-
tent unstable modules.
When M is a nillosed unstable module, the tehniques used to prove Theorem
3 provide more information:
Theorem 4. Let M be a nillosed unstable module. Then there is a natural exat
sequene in F[u]−U :
0→ R˜K1 M → F[u]⊗M → F[u]⊗ TM → C2M → 0
suh that:
(1) applying the indeomposables funtor Q : F[u]−U → U indues an exat
sequene
0→ ΦM →M → ΣTM → Σ(M : F[u].u2)→ 0;
(2) applying the funtor Fix : F[u]−U → U indues an exat sequene
0→M → TM → TTM → T
2
M → 0.
Moreover, the underlying F[u]-module of C2M is free.
Organization of the paper: Setion 2 provides bakground and introdues nota-
tion used in the paper and Setion 2.1 gives a rapid review of the Singer funtor R1.
The funtors R˜1 and R˜
K
1 are introdued in Setion 3, where Theorem 1 is proven.
Theorem 2 is proved in Setion 4 and Theorem 3 in Setion 5, with an appliation
of the methods being given in Corollary 5.17. Theorem 4 is proved in Setion 5.4
and the appendix proves some auxiliary results on division funtors.
2. Bakground
Throughout this paper, F is the prime eld F2 of harateristi two (analogues
of the results presented here hold in odd harateristi). The ategory of unstable
modules over the Steenrod algebra is denoted by U and the ategory of unstable
algebras by K. See [Sh94℄ for bakground on unstable modules and algebras.
Notation 2.1.
(1) Let Φ denote the degree-doubling funtor on graded vetor spaes. (IfX is a
graded vetor spae, ΦX is onentrated in even degree and (ΦX)2n = Xn.)
(2) If M,N are unstable modules, a morphism between the underlying graded
vetor spaes is denoted by M //___ N .
The funtor Φ restrits to a funtor Φ : U → U and there is a natural morphism
of unstable modules Sq0 : ΦM →M .
Lannes' funtor TV : U → U , for V an elementary abelian 2-group, is the
left adjoint to the funtor H∗(V ) ⊗ − : U → U . The assoiation V 7→ TV is
ovariantly funtorial in V ; namely, a morphism of F-vetor spaes V → W indues
a natural transformation TV → TW . The redued T -funtor, T : U → U , ours
in the natural splitting TM ∼= M ⊕ TM given by M ∼= T0M → TM = TFM →M
indued by the zero F-vetor spae.
If K is an unstable algebra, then K−U denotes the ategory of K-modules in
U , whih is abelian (see [Lan92, Setion 4.4℄, for example). Here, K will be the
unstable algebra F[u] with u of degree one.
The tensor produt indues an exat funtor F[u]⊗− : U → F[u]−U , whih is
left adjoint to the forgetful funtor F[u]−U → U . The funtor F[u]⊗ − admits a
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left adjoint, the funtor Fix. (See [Lan92℄ and [LZ95℄ for properties of the funtor
Fix.)
These adjuntions are summarized by the diagram
F[u]−U
Fix
⊥
//
oo F[u]⊗−
⊥
forget //
U ,
and it is formal that there is a natural isomorphism T (−) ∼= Fix(F[u]⊗−).
The augmentation ε : F[u]→ F indues a setion U → F[u]−U to the forgetful
funtor. This admits a left adjoint, the funtor of indeomposables, Q : F[u]−U →
U .
The following general result on graded onneted modules will be used without
further omment.
Lemma 2.2. Let K be a eld and K[u] be the graded polynomial algebra on a
generator of degree one. A graded, onneted K[u]-module M is u-torsion free if
and only if it is a free K[u]-module.
2.1. The Singer funtor R1. The denition and the properties of the Singer
funtor R1 are reviewed in this setion; for further details, the reader is referred to
Singer [Sin78, Sin83℄ and the artile [LZ87℄ of Lannes and Zarati.
Denition 2.3. For M an unstable module,
(1) let ΦM
St1 //___ F[u]⊗M be dened by St1(x) :=
∑
u|x|−i ⊗ Sqix;
(2) let R1M denote the sub F[u]-module of F[u]⊗M generated by the image
of St1.
Proposition 2.4. This onstrution denes a funtor R1 : U → F[u]−U and,
by forgetting the F[u]-module struture, a funtor R1 : U → U whih satises the
following properties:
(1) R1 is exat and ommutes with limits and olimits;
(2) there exists a unique natural transformation ρ1 : R1M → ΦM whih makes
the following diagram ommute
R1M
ρ1

// F[u]⊗M
ε⊗1

ΦM
Sq0
//M ;
(3) there is a natural short exat sequene in U
0→ uR1M → R1M
ρ1
→ ΦM → 0;
(4) R1M is a free F[u]-module on a basis St1(x), as x ranges over a homoge-
neous basis of M ;
(5) if N ⊂M , then R1N = R1M ∩ (F[u]⊗N) as a submodule of F[u]⊗M ;
(6) if M is redued (respetively nillosed), then R1M is redued (resp. nil-
losed);
(7) there is a natural isomorphism R1(M ⊗N) ∼= R1M ⊗F[u]R1N in F[u]−U ;
(8) if K ∈ K is an unstable algebra, then R1K has the struture of an unstable
algebra and belongs to the under-ategory F[u] ↓ K.
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3. Building the Singer funtor using T
This setion introdues the funtor R˜1, whih is a rst approximation to the
Singer funtor R1. The funtors R˜1, R1 are shown to oinide on the full subate-
gory of nillosed unstable modules. Then Kan extension gives a funtor R˜K1 , whih
is shown to be naturally equivalent to R1.
Denition 3.1. For M an unstable module, let σM , τM denote the natural mor-
phisms of F[u]−U :
(1) τM : F[u]⊗M → F[u]⊗TM indued by the adjuntion unitM → F[u]⊗TM
in U ;
(2) σM : F[u]⊗M → F[u]⊗TM given by applying the funtor F[u]⊗− to the
natural transformation M ∼= T0M → TM .
Denition 3.2. Let R˜1 : U → F[u]−U be the funtor determined on an unstable
module M by
R˜1M := ker{ F[u]⊗M
τM //
σM
// F[u]⊗ TM}.(1)
Lemma 3.3. The equalizer (1) dening R˜1M is a reexive equalizer.
Proof. By denition of a reexive equalizer, it sues to exhibit a morphism F[u]⊗
TM → F[u]⊗M whih is a ommon retrat to σM and τM ; suh a retrat is provided
by the morphism of F[u]-modules whih is indued by the projetion TM ։M . 
Proposition 3.4.
(1) There is a natural monomorphism R˜1 →֒ F[u]⊗− of funtors U → F[u]−U
and for M an unstable module, R˜1M has free underlying F[u]-module.
(2) The funtor R˜1 preserves the lasses of redued (respetively nillosed) un-
stable modules.
(3) If N ⊂M are unstable modules, then R˜1N = R˜1M ∩ (F[u]⊗N).
(4) The funtor R˜1 : U → F[u]−U is left exat.
(5) The funtor R˜1 ommutes with oproduts.
(6) If M is an unstable module, then the diagram of F[u]-modules
R˜1M
//
 _

R˜1M [u
−1]
 _

F[u]⊗M 
 // F[u±1]⊗M
is artesian.
(7) The funtor R˜1 ommutes with suspension; more generally, if M,X are un-
stable modules where X is loally nite, then there is a natural isomorphism
R˜1(M ⊗X) ∼= R˜1(M)⊗X.
Proof.
(1) The rst statement follows diretly from the denition; in partiular, R˜1M
is a sub F[u]-module of F[u]⊗M and is thus F[u]-free.
(2) R˜1M is a sub-objet of F[u]⊗M and the quotient is a submodule of F[u]⊗
TM . If M is redued (respetively nillosed) then F[u]⊗M and F[u]⊗TM
are both redued (respetively nillosed). The result follows.
(3) This statement is a formal onsequene of the denition of R˜1 as a natural
equalizer.
(4) The left exatness of R˜1 is a straightforward veriation (the exatness
orresponding to the middle term of a short exat sequene is a onsequene
of the previous statement).
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(5) The formation of the equalizer diagram ommutes with oproduts, sine
the T -funtor is a left adjoint.
(6) The underlying F[u]-module R˜1M is the intersetion of F[u]⊗M with the
equalizer of the diagram of F[u±1]-modules given by loalizing:
F[u±1]⊗M ⇒ F[u±1]⊗ TM.
The statement follows by exatness of loalization.
(7) The T -funtor ommutes naturally with suspension, whih implies the rst
statement. A similar argument gives the general result, using the fat that
T ommutes with tensor produts and TX ∼= X if and only if X is loally
nite.

Remark 3.5. The funtor R˜1 is not exat. For example, the surjetion F (1)։ ΣF
does not yield a surjetion under R˜1.
3.1. Produt strutures. The ategory F[u]−U has tensor struture given by
⊗F[u].
Proposition 3.6. Let M,N be unstable modules. There is a binatural isomorphism
µM,N : R˜1M ⊗F[u] R˜1N
∼=
→ R˜1(M ⊗N)
whih is indued by the isomorphism (F[u]⊗M)⊗F[u] (F[u]⊗N) ∼= F[u]⊗ (M ⊗N).
Proof. The T -funtor ommutes with tensor produts; this implies that there is a
natural ommutative diagram
(F[u]⊗M)⊗F[u] (F[u]⊗N)
τM⊗τN//
∼=

(F[u]⊗ TM)⊗F[u] (F[u]⊗ TN)
∼=

F[u]⊗ (M ⊗N)
τM⊗N
// F[u]⊗ T (M ⊗N).
Similarly, σM⊗N identies with σM ⊗ σN . The result follows from the fat that R˜1
is dened by a reexive equalizer by Lemma 3.3, together with the formal fat that
the tensor produt of two reexive equalizers in F[u]−U is a reexive equalizer. 
Remark 3.7. Alternatively, this result an be proved by using the Künneth isomor-
phism, by passage to the redued T -funtor, as in Lemma 5.5.
Remark 3.8. The produt isomorphism µM,N indues a surjetion in U
R˜1M ⊗ R˜1N ։ R˜1(M ⊗N)
via the surjetion R˜1M ⊗ R˜1N ։ R˜1M ⊗F[u] R˜1N .
Corollary 3.9. The funtor R˜1 restrits to a funtor K → F[u] ↓ K. Moreover,
if K is an unstable algebra, then R˜1 indues a funtor K−U → R˜1K−U .
3.2. Relation with the Singer funtor R1. The omparison between R1 and
R˜1 on nillosed unstable modules relies on omparing the funtors on the full sub-
ategory of nillosed injetives. For R1, the following alulation is due to Lannes
and Zarati.
Proposition 3.10. [LZ87, Setion 5.4.7.5℄ Let V be an elementary abelian 2-group.
Then
R1H
∗(V ) ∼= H∗(V ⊕ F)GV
where GV ⊂ GL(V ⊕ F) is the pointwise stabilizer of V .
There is an analogous result for the funtor R˜1.
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Lemma 3.11. Let V be an elementary abelian 2-group. Then
R˜1H
∗(V ) ∼= H∗(V ⊕ F)GV .
Proof. Let us identify the morphisms σ, τ : F[u]⊗H∗(V ) ⇒ F[u]⊗ TH∗(V ). The
soure identies with H∗(V ⊕F) and the image with FV ⊗H∗(V ⊕F) and it sues
to identify eah omponent of the morphisms σ, τ . Namely, for v ∈ V , there is a
surjetive evaluation map of Boolean algebras FV → F whih gives the omponent
indexed by v, whih is a morphism of unstable algebras
H∗(V ⊕ F)→ H∗(V ⊕ F).
The v-omponent of σ is the identity of H∗(V ⊕ F), independently of v. It is a
straightforward alulation to show that the v-omponent of τ is indued by the
automorphism of V ⊕ F whih is the identity on V and has omponent F→ V ⊕ F
given by 1 7→ (v, 1). Namely, as v ranges through V , these morphisms run through
the pointwise stabilizerGV ⊂ GL(V ⊕F) of V . The result follows from the denition
of R˜1H
∗(V ) as an equalizer. 
Theorem 3.12. The funtors R1 and R˜1 are anonially isomorphi on the full
subategory of U with objets the nillosed unstable modules.
Proof. The funtor R1 is exat, ommutes with olimits and preserves the lass of
nillosed objets; similarly, the funtor R˜1 is left exat, ommutes with oproduts
and preserves the lass of nillosed objets.
Proposition 3.10 and Lemma 3.11 show that the funtors oinide on the injetive
nillosed unstable modules H∗(V ). This extends formally to show that the funtors
R1 and R˜1 oinide on all nillosed injetive unstable modules, via the lassiation
of the injetive unstable modules [LS89℄ (see [Sh94, Theorem 3.14.1℄) and the fat
that both funtors ommute with oproduts.
The funtors R1 and R˜1 are both equipped with natural inlusions in F[u]−U
to F[u] ⊗M . Hene, it follows that the funtors R1 and R˜1 oinide on the full
subategory of nillosed injetive unstable modules.
If M is a nillosed unstable module, there is an injetive opresentation
0→M → I0 → I1
with I0, I1 nillosed injetive unstable modules. The result follows formally by left
exatness of R1 and R˜1, by applying the ve-lemma. 
3.3. The Singer funtor R1 via left Kan extension. The Singer funtor R1
is exat; hene, using Theorem 3.12, the funtor R1 an be reovered by using left
Kan extension of the funtor R˜1. Namely, the projetive objets of U are nillosed
and dene a full subategory UProj ⊂ U . Hene the funtor R˜1 oinides on UProj
with R1, as dened by Singer.
Denition 3.13. Let R˜K1 : U → F[u]−U be the left Kan extension of the funtor
R˜1|UProj .
Expliitly, forM an unstable module, the objet R˜K1 M is the okernel of R˜1P1 →
R˜1P0, where P1 → P0 →M → 0 is a projetive presentation of M in U .
Lemma 3.14. There is a natural transformation of funtors R˜K1 → R˜1 whih is
an isomorphism on projetive unstable modules.
Proof. Formal. 
Remark 3.15. This result does not imply a priori that R˜K1 → R˜1 is a natural
monomorphism.
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Theorem 3.16. The funtors R˜K1 and R1 are anonially isomorphi.
Proof. Formal onsequene of Theorem 3.12, Lemma 3.14 and the fat that R1 is
exat. 
Remark 3.17. It is worthwhile stressing that the proof of Theorem 3.16 relies on
two fundamental properties of the Singer funtor R1: that it is exat and that
R1H
∗(V ) is a nillosed unstable module, whih is identied by Proposition 3.10.
4. The funtor R1 and Fix
Reall that there is a natural isomorphism Fix(N) ∼= F⊗TF[u] TN, where F is a
TF[u]-algebra via the morphism of unstable algebras ι : TF[u] → F adjoint to the
identity morphism of F[u] (Cf. [Lan92, Setion 4.4.3℄).
Lemma 4.1. LetM be an unstable module; under the natural isomorphisms Fix(F[u]⊗
M) ∼= TM and Fix(F[u]⊗ TM) ∼= T 2M , the morphisms
Fix(σM ),Fix(τM ) : Fix(F[u]⊗M)→ Fix(F[u]⊗ TM)
identify respetively with the morphisms TM → TF2M ∼= T
2M indued by the
inlusion i1 : F→ F
2
of the rst fator (respetively by the diagonal δ : F→ F2).
Proof. The degree zero part of TF[u] is the Boolean algebra FF and projetion onto
the degree zero part denes a morphism of unstable algebras TF[u] ։ FF. Under
the T -funtor, the morphisms σM , τM give morphisms of TF[u]−U and hene
morphisms of FF−U :
FF ⊗ TM ⇒ FF ⊗ T 2M.
These are determined by the morphisms of unstable modules
TM ⇒ FF ⊗ T 2M.
The unstable module FF⊗ TM has two omponents, indexed by the elements w
of F. The orresponding omponents of the morphisms are reovered by omposing
with the morphism indued by the respetive evaluation maps FF → F.
The omponent of the morphism τM orresponding to w ∈ F is the morphism
TM → T 2M indued by the linear map F→ F2, 1 7→ (1, w). The identiation of
Fix(τM ) follows by passing to the quotient via F ⊗FF −, whih orresponds to the
omponent w = 1.
The identiation of Fix(σM ) is straightforward. 
Proposition 4.2. Let M be an unstable module. The adjoint to the anonial
morphism R˜1M → F[u]⊗M is a natural isomorphism
FixR˜1M
∼=
→M.
Proof. The funtor Fix is exat, hene
FixR˜1M ∼= ker{TM ∼= TFM ⇒ T
2M ∼= TF2M},
the equalizer of Fix(σM ) and Fix(τM ); these morphisms are given by Lemma 4.1.
The result follows by identifying the equalizer diagram with the split equalizer
M ∼= TF0M → TFM ⇒ TF2M,
whih is split via the projetions TFM → TF0M and TF2M → TFM indued respe-
tively by F→ F0 and the projetion p2 : F
2 → F. 
Theorem 4.3. LetM be an unstable module. The natural transformation R˜K1 M →
R˜1M indues an isomorphism
FixR˜K1 M
∼=
→ FixR˜1M
and hene an isomorphism FixR˜K1 M
∼=
→M .
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Proof. Choose a projetive presentation P1 → P0 →M → 0 of M in U . Then the
natural transformation R˜K1 → R˜1 indues a ommutative diagram in U :
FixR˜K1 P1
//
∼=

FixR˜K1 P0
∼=

// FixR˜K1 M
//

0
FixR˜1P1
// FixR˜1P0
// FixR˜1M
// 0
in whih the top row is exat by the exatness of Fix and the denition of R˜K1 and
the lower row is exat sine it is anonially isomorphi to P1 → P0 →M → 0, by
Proposition 4.2. The result follows from the ve-lemma. 
Remark 4.4. Theorem 3.16 was known to Jean Lannes, for the funtor R1, using
a dierent argument. The idea that the opresentation of R˜1 should lead to a
oneptual proof of this fat is due to Lannes.
5. The funtor R˜K1 on redued unstable modules
It is a key fat that the funtor R˜K1 oinides with R˜1 on redued unstable
modules. The aim of this setion is to provide a proof of this fat without appealing
to Theorem 3.16 and known properties of R1. (The reader happy to work with
properties of R˜K1 M dedued from properties of R1M via Theorem 3.16, will skip
most of this setion, passing diretly to Proposition 5.12, the essential ingredient
to the proof of the main result, Theorem 5.13.)
The arguments are based on general properties of modules over a graded poly-
nomial ring, given in the following setion.
5.1. On graded modules over polynomial rings. Let K be a eld and let K[u]
be the graded polynomial K-algebra on a generator u of degree one. The anonial
augmentation ε : K[u] → K is dened by u 7→ 0 and the augmentation ideal is
written K[u].
Lemma 5.1. Let M be a graded onneted K-vetor spae and X be a graded
K[u]-submodule of K[u]⊗M . Suppose that the diagram of graded K[u]-modules
X //

K[u]⊗M
 _

X [u−1] // K[u±1]⊗M
is artesian. Then the quotient module (K[u]⊗M)/X is K[u]-free.
Proof. It sues to show that the quotient module is u-torsion free. This is imme-
diate, sine K[u]⊗M/X embeds in K[u±1]⊗M/X [u±1] by the hypothesis that the
diagram is artesian. 
Remark 5.2.
(1) A graded sub K[u]-module X of K[u]⊗M is free, hene admits a homoge-
neous spae of generators W ⊂ K[u]⊗M suh that X ∼= K[u]⊗W .
(2) The kernel of K[u]⊗M
ε⊗M
→ M is K[u]⊗M .
Lemma 5.3. Let M be a graded onneted K-vetor spae and X be a graded sub
K[u]-module of K[u]⊗M . Then the following onditions are equivalent:
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(1) the diagram of graded K[u]-modules
X //

K[u]⊗M
 _

X [u−1] // K[u±1]⊗M
is artesian;
(2) X admits a graded spae of K[u]-generators W ⊂ K[u] ⊗M suh that the
omposition W →֒ K[u]⊗M
ε⊗M
→ M indued by the augmentation ε of K[u]
is a monomorphism.
Proof. Suppose that the rst ondition holds, and write XM for the image of X in
M under the omposite X →֒ K[u] ⊗M → M . Let W be the image of a hoie
of (graded) setion of X ։ XM . Then W generates a sub F[u]-module X
′
of X
isomorphi to K[u] ⊗ XM . Suppose that X
′ ( X is a proper submodule and let
x ∈ X be an element of least degree whih does not lie in X ′. By denition of XM ,
there exists x′ ∈ X ′ and δ ∈ K[u]⊗M suh that x = x′+δ. Then δ ∈ X∩(K[u]⊗M)
is divisible by u; thus, using the pullbak hypothesis, δ = uδ′, for some δ′ ∈ X . The
minimality of the degree of x implies that δ′ ∈ X ′, whih establishes the required
ontradition.
For the onverse, let X be as in the statement and onsider X˜ := X [u−1]∩F[u]⊗
M in F[u±1]⊗M . Thus, X˜ satises the rst hypothesis and X →֒ X˜ has u-torsion
okernel. Suppose that the inlusion is proper and hoose 0 6= y ∈ X˜\X ; there
exists a minimal positive integer t suh that uty ∈ X . Write uty =
∑
n≥0 u
n ⊗ wn
for homogeneous elements wn of W . By minimality of t, w0 6= 0. The image of u
ty
under K[u]⊗M
ε⊗M
→ M is w0; this is non-zero, by the hypothesis on W .
However, y belongs to X˜ ⊂ K[u]⊗M by hypothesis and thus uty ∈ K[u]⊗M ,
sine t > 0. This establishes a ontradition. 
5.2. Projeting to Φ. It is useful to give an equivalent denition of R˜1 using the
redued T -funtor.
Notation 5.4. For M an unstable module, let τM be the morphism of F[u]−U
indued by the morphism M → F[u] ⊗ TM of unstable modules adjoint to the
identity of TM .
Lemma 5.5. Let M be an unstable module. Then there is a natural isomorphism
R˜1M ∼= ker τM .
Proof. Straightforward. 
There are anonial morphisms R˜1M →֒ F[u] ⊗M
ε⊗M
→ M in U . Reall that
Q : F[u]−U → U is the indeomposables funtor. The projetive objets of U are
nillosed, hene, for P a projetive, Sq0 indues a monomorphism ΦP →֒ P .
Lemma 5.6. Let P be a projetive unstable module; then there is a natural (for P
in UProj) ommutative diagram
R˜1P
//
ρ˜P

F[u]⊗ P
ε⊗P

ΦP
 
Sq0
// P.
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Moreover, ρ˜P fatorizes anonially as
R˜1P
// //
ρ˜P $$I
I
II
II
II
I
Q(R˜1P )

ΦP.
Proof. Let αM : ΩM → TM be the natural transformation of Denition A.6. For
M = P a projetive unstable module, a formal adjuntion argument shows that
ΩP →֒ TP is a monomorphism.
The morphism F[u]։ ΣF indues a ommutative diagram
F[u]⊗ P
τP //

F[u]⊗ TP

P // ΣTP.
The morphism P → ΣTP fatorizes anonially as P → ΣΩP →֒ ΣTP , where the
seond morphism is a monomorphism by the previous disussion and the rst is the
adjuntion unit whih features in the short exat sequene of unstable modules
0→ ΦP → P → ΣΩP → 0.
Hene the ommutative diagram and the denition of R˜1P as the kernel of τP
imply that R˜1P → P fatorizes anonially aross ΦP →֒ P , as required.
The nal point is formal, from the adjuntion dening the indeomposables
funtor, Q. 
Remark 5.7. The result holds for any nillosed unstable module, by using the fat
that ΩM → TM is a monomorphism if M is nillosed (see Proposition A.8).
The following Lemma provides the alulational input whih is required.
Lemma 5.8. Let P be a projetive unstable module. Then the natural transforma-
tion ρ˜P : R˜1P ։ ΦP is surjetive.
Proof. Reall that the unstable modules F (n) (n ≥ 0) form a set of projetive
generators of U and that F (n) ∼= {F (1)⊗n}Sn . It is suient to prove that the
morphisms ρ˜F (n) are surjetive, for eah n. The ase n = 0 is immediate.
For P = F (1), the surjetivity is a straightforward alulation: ΦF (1) is a yli
unstable module generated by the lass of degree two and this lass is in the image
of ρ˜. Hene there is a linear morphism ΦF (1)
ϕ //___ R˜1F (1) whih is a setion of
ρ˜.
Let n be a natural number; then there is a Sn-equivariant diagram:
{R˜1F (1)}
⊗n // R˜1(F (1)⊗n)

R˜1(F (n))?
_oo
ρ˜F (n)

(ΦF (1))⊗n
∼= //
ϕ⊗n
OO


Φ(F (1)⊗n) ΦF (n)?
_oo
in whih the top row is indued by the exterior produt morphism of Proposition
3.6, the symmetri group ats by permuting the tensor fators in the left hand
square of the diagram and trivially on the right hand olumn.
The left exatness of R˜1 implies that R˜1F (n) ∼= {R˜1(F (1)
⊗n)}Sn ; similarly,
ΦF (n) ∼= {(ΦF (1))⊗n}Sn . Hene the restrition of the omposite morphism to the
Sn-invariants of (ΦF (1))
⊗n
yields a linear setion to ρ˜F (n). 
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Remark 5.9.
(1) In the argument above, it sues to hek that the fundamental lass of
F (n) is in the image; this does not provide a signiant simpliation of
the argument.
(2) This an be used to reover the desription of R1 given by Singer. Namely,
the above onstrution gives rise to the linear morphism ΦM
St1 //___ F[u]⊗M .
Lemma 5.10. Let P be a projetive unstable module. Then, as a graded F[u]-
module, R˜1P is isomorphi to F[u] ⊗ ΦP and the morphism ρ˜P indues a natural
isomorphism Q(R˜1P ) ∼= ΦP.
Proof. The F[u]-module R˜1P satises the rst hypothesis of Lemma 5.3, by Propo-
sition 3.4 (6). Hene, the equivalent ondition shows that R˜1P is free on ΦP , by
Lemma 5.8, whih identies the image in P . The nal statement is lear. 
These results apply to dene a morphism ρ˜KM : R˜
K
1 M → ΦM , for an arbitrary
unstable module M .
Proposition 5.11. Let M be an unstable module. There exists a unique surjetive
morphism of unstable modules
ρ˜KM : R˜
K
1 M ։ ΦM
suh that, for any projetive presentation P1 → P0 →M → 0 of M , the diagram
R˜1P1
ρ˜P1

// R˜1P0
//
ρ˜P0

R˜K1 M
//
ρ˜K
M

0
ΦP1 // ΦP0 // ΦM // 0
(2)
is ommutative.
The morphism ρ˜KM satises the following properties:
(1) ρ˜KM denes a natural surjetive transformation R˜
K
1 ։ Φ of funtors taking
values in U ;
(2) ρ˜KM indues an isomorphism Q(R˜
K
1 M)
∼= ΦM ;
(3) the following diagram in U is ommutative
R˜K1 M
//
ρ˜K
M

F[u]⊗M
ε⊗M

ΦM
Sq0
// M.
(3)
Proof. Choose a projetive presentation P1 → P0 → M → 0 of M , then the
diagram (2) denes the morphism ρ˜KM , whih is independent of the hoie of pre-
sentation; surjetivity is immediate. The uniity of the onstrution implies that
the morphisms ρ˜KM form a natural transformation.
The funtor Q is right exat, hene indues an exat sequene
Q(R˜1P1)→ Q(R˜1P0)→ Q(R˜
K
1 M)→ 0.
Now, the morphism Q(R˜1P1) → Q(R˜1P0) identies with ΦP1 → ΦP0, by Lemma
5.10. This implies the seond statement.
The nal statement follows from the onstrution of the morphism ρ˜P , for P a
projetive unstable module. 
Reall that there is a natural transformation R˜K1 → R˜1 hene, for any unstable
module M , a omposite morphism R˜K1 M → R˜1M →֒ F[u]⊗M .
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Proposition 5.12. Let M be a redued unstable module. Then
(1) the morphism R˜K1 M → F[u]⊗M is a monomorphism;
(2) R˜K1 M is a free F[u]-module on a graded vetor subspae isomorphi to ΦM ;
(3) the quotient F[u]-module (F[u]⊗M)/R˜K1 M is F[u]-free.
Proof. Let X denote the image of R˜K1 M in F[u] ⊗M , so that X is an objet of
F[u]−U . There is a surjetion ΦM ∼= Q(R˜K1 M)։ QX and the diagram (3) shows
that this is an isomorphism, using the injetivity of Sq0 for M .
Hene, by hoie of a subspae of F[u]-generators of R˜1M , there are surjetive
morphisms of F[u]-modules
F[u]⊗ ΦM ։ R˜1M ։ X ∼= F[u]⊗ ΦM
suh that the omposite is an isomorphism. It follows that both morphisms are
isomorphisms of F[u]-modules. This ompletes the proof of the rst two statements.
The nal statement follows from Lemmas 5.1 and 5.3. 
Theorem 5.13. Let M be a redued unstable module, then the anonial morphism
R˜K1 M → R˜1M
is an isomorphism.
Proof. Proposition 5.12 implies that R˜K1 M → R˜1M is a monomorphism with quo-
tient R˜1M/R˜
K
1 M whih is free as an F[u]-module. Moreover, Theorem 4.3 implies
that FixR˜K1 M → FixR˜1M is an isomorphism, thus Fix(R˜1M/R˜
K
1 M) = 0.
Reall from [LZ95, Proposition 0.8℄ that, for N an objet of F[u]−U , Fix(N) = 0
if and only if N [u−1] = 0. Thus the ondition Fix(R˜1M/R˜
K
1 M) = 0 implies that
R˜1M/R˜
K
1 M = 0, as required. 
Notation 5.14. Let Ured denote the full subategory of redued unstable modules
in U .
Corollary 5.15. The funtor R˜1|Ured : Ured → F[u]−U is exat.
Proof. The funtor R˜1 is left exat, hene it sues to prove that it preserves
surjetions between redued unstable modules; a straightforward redution shows
that it is suient to establish that it preserves surjetions from a projetive to a
redued unstable module. This is an immediate onsequene of Theorem 5.13. 
5.3. Further onsequenes.
Denition 5.16. Let C1 : U → F[u]−U be the funtor dened by C1M :=
image(τM ) ⊂ F[u]⊗ TM .
Corollary 5.17. Let M be a redued unstable module. There is a natural short
exat sequene in F[u]−U :
0→ R˜K1 M → F[u]⊗M → C1M → 0,(4)
suh that the following properties are satised:
(1) there is a anonial monomorphism C1M →֒ F[u]⊗ TM in F[u]−U ;
(2) the underlying unstable module of C1M is redued;
(3) C1M is free as an F[u]-module;
(4) applying the funtor Q to the short exat sequene (4) indues the short
exat sequene
0→ ΦM →M → ΣΩM → 0.
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(5) Fix(C1M) ∼= TM and the funtor Fix applied to the short exat sequene
(4) indues the short exat sequene
0→M → TM → TM → 0.
Moreover, the funtor C1|Ured : Ured → F[u]−U is exat.
Proof.
(1) Theorem 5.13 implies that R˜K1 M is naturally isomorphi to R˜1M , hene
R˜K1 M is the kernel of τM and C1M is the image; the rst statement follows.
(2) C1M is a sub-objet of the unstable module F[u]⊗ TM , whih is redued
sine M is redued.
(3) Similarly, using the fat that F[u]⊗ TM is u-torsion free.
(4) The funtor Q is right exat and diagram (3) implies that Q(R˜1M) →
(F[u] ⊗ M) is the monomorphism ΦM →֒ M , using the fat that M is
redued. Hene Q(C1M) ∼= ΣΩM .
(5) The funtor Fix is exat and the morphism Fix(R˜1M) → Fix(F[u] ⊗M)
identies with the anonial inlusion M →֒ TM , by Proposition 4.2. The
result follows.
The nal statement onerning the exatness of C1|Ured follows from the exatness
of R˜1|Ured established in Corollary 5.15 and the exatness of T . 
5.4. The funtor R˜K1 on nillosed unstable modules. The onsiderations of
Corollary 5.17 an be pushed further if the natural transformation αM : ΩM → TM
(see Denition A.6) is injetive; this is the ase if M is nillosed, by Proposition
A.8.
The following denitions apply to arbitrary unstable modules.
Denition 5.18. Let C2 : U → F[u]−U be the funtor C2M := coker(τM ).
The division funtor (− : F[u].u2) is introdued in Setion A.2.
Theorem 5.19. Let M be a nillosed unstable module. Then
(1) there is a natural exat sequene in F[u]−U :
0→ R˜K1 M → F[u]⊗M → F[u]⊗ TM → C2M → 0;(5)
(2) applying the funtor Q : F[u]−U → U to the diagram (5) indues an exat
sequene
0→ ΦM →M → ΣTM → Σ(M : F[u].u2)→ 0;
(3) the underlying F[u]-module of C2M is free on Σ(M : F[u].u
2);
(4) applying the funtor Fix : F[u]−U → U to the diagram (5) indues an
exat sequene
0→M → TM → TTM → T
2
M → 0,
in whih the morphism TM → TTM is the redution of the morphism
TFM → TF2M indued by the diagonal map F→ F
2
.
Proof. The rst statement is an immediate onsequene of the denitions, sine
R˜K1 M
∼= R˜1M when M is redued.
The morphism τM fatorizes (by denition of C1M) as
F[u]⊗M ։ C1M →֒ F[u]⊗ TM.
By Corollary 5.17, applying the funtor Q to these morphisms indues
M ։ ΣΩM
ΣαM
→֒ ΣTM
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where the monomorphism follows from the hypothesis thatM is nillosed, by Propo-
sition A.8. This establishes the seond statement, by the right exatness of the
funtor Q, using Proposition A.8 to identify the okernel.
The underlying F[u]-module of F[u]⊗ TM is free on ΣTM . The fat that C2M
is F[u]-free follows from Lemmas 5.1 and 5.3, sine the indeomposables of C1M
map injetively to the indeomposables of F[u]⊗ TM .
The funtor Fix is exat; moreover the morphism τM fatorizes naturally in
F[u]−U as
F[u]⊗M
τM // F[u]⊗ TM // F[u]⊗ TM.
This gives the identiation of the morphism Fix(τM ), by Lemma 4.1. This mor-
phism fatorizes as
TM ։ TM →֒ TTM ∼= TM ⊕ T
2
M,
where the seond morphism is the produt of the identity on TM and the redued
diagonal TM → T
2
M . The okernel is natural isomorphi to T
2
M . 
Appendix A. Results on division funtors
The aim of this appendix is to provide a proof of Proposition A.8.
Notation A.1. For M an unstable module, let (− : M) denote the division funtor
whih is left adjoint to M ⊗ − : U → U and let (− : M)n denote its nth left
derived funtor.
A.1. The loop funtor on nillosed unstable modules. An unstable module
M is redued if and only if Sq0 indues a short exat sequene 0→ ΦM
Sq0
→ M →
ΣΩM → 0, where Ω is the division funtor (− : ΣF). This is equivalent to the
ondition that Ω1M = 0.
Lemma A.2. Let M,N be redued unstable modules. There exists a natural short
exat sequene
0→ Ω(M ⊗N)→ (ΩM ⊗N)⊕ (M ⊗ ΩN)→ Σ(ΩM ⊗ ΩN)→ 0.
Proof. The short exat sequene is given by the Künneth theorem applied to the
tensor produt of the omplexes (M → ΣΩM) and (N → ΣΩN). 
Lemma A.3. Let M,N be unstable modules suh that M,N,ΩM,ΩN are redued.
Then Ω(M ⊗N) is redued.
Proof. The unstable module Ω(M ⊗N) embeds in (ΩM ⊗N)⊕ (M ⊗ΩN), whih
is redued, by the hypothesis. 
Lemma A.4. The unstable module ΩH∗(V ) is redued, for V a nitely-generated
elementary abelian 2-group.
Proof. The unstable modules H∗(Z/2) ∼= F[u] and ΩH∗(Z/2) ∼= ΦF[u] are redued.
The result follows by indution, using Lemma A.3. 
Proposition A.5. If M is a nillosed unstable module, then ΩM is redued.
Proof. The funtor Ω is a left adjoint, hene ommutes with olimits. Moreover, the
olimit of a diagram of redued unstable modules is redued. A nillosed unstable
module is the ltered olimit of its nitely-generated nillosed sub-modules, hene
it is suient to prove the result in the ase that M is nitely-generated.
Suppose that M is a nitely-generated nillosed unstable module. There exists
a nitely-generated elementary abelian 2-group V and a short exat sequene
0→M → H∗(V )→ Q→ 0
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of unstable modules, with Q redued, sine M is nillosed. The unstable module
Ω1Q is trivial, sine Q is redued, hene the funtor Ω indues a monomorphism
ΩM → ΩH∗(V ). By Lemma A.4, ΩH∗(V ) is redued, hene the result follows. 
A.2. The division funtor (− : F[u].u2) and the natural transformation α.
Denition A.6. Let α : Ω = (− : ΣF)→ T = (− : F[u]) be the natural transforma-
tion indued on division funtors by the unique non-trivial morphism p : F[u]→ ΣF.
Notation A.7. Let F[u].u2 denote the kernel of F[u]
p
→ ΣF, whih identies as an
objet of F[u]−U with the ideal of F[u] generated by u2.
Proposition A.8. The division funtor (− : F[u].u2) is right exat and the left
derived funtors (− : F[u].u2)n are trivial for n > 2. Moreover, there is a natural
exat sequene
0→ (M : F[u].u2)1 → ΩM
αM→ TM → (M : F[u].u2)→ 0
and a natural isomorphism (− : F[u].u2)2 ∼= Ω1M . In partiular, if M is redued,
then (M : F[u].u2)2 = 0.
If M is nillosed, then (M : F[u].u2)n = 0 for n > 0, hene αM is a monomor-
phism.
Proof. The rst part of the statement follows from formal onsiderations, using the
exatness of T and the vanishing of the left derived funtors (− : ΣF)n for n > 2.
It remains to onsider the ase where M is nillosed. Proposition A.5 implies
that ΩM is redued, hene the subobjet (M : F[u].u2)1 is redued. Thus, it is
suient to show that TV
(
(M : F[u].u2)1
)
is trivial in degree zero, for eah nitely-
generated elementary abelian 2-group V and for every nillosed unstable module
M . The funtor TV ommutes with (− : F[u].u
2)1 and preserves nillosed unstable
modules, hene it is suient to show that (M : F[u].u2)1 is trivial in degree zero
for every nillosed unstable module M . Equivalently, it is suient to show that
αM : ΩM → TM is a monomorphism in degree zero.
There is a natural isomorphism (ΩM)0 ∼= M1. SineM is nillosed, the inlusion
of the elements of degree one indues a natural monomorphism F (1) ⊗ M1 →֒
M of nillosed unstable modules, where M1 is onsidered as an unstable module
onentrated in degree zero. The indued morphism Ω(F (1) ⊗M1) → ΩM is a
monomorphism (sine the okernel of F (1) ⊗M1 →֒ M is redued), whih is an
isomorphism in degree zero.
Hene, by naturality, it sues to prove that αF (1)⊗M1 is a monomorphism. This
follows formally sine F (1)⊗M1 is projetive. (Alternatively, a diret alulation
gives the result.) 
Example A.9. The ondition thatM be nillosed in the nal statement annot be
weakened to redued. ConsiderM = ΦF (1); the unstable module ΩM is isomorphi
to ΣF and the morphism αΦF (1) : ΩΦF (1) ∼= ΣF→ TΦF (1) ∼= F is trivial.
Example A.10. The funtor (− : F[u].u2) is not exat when restrited to Ured.
There is a short exat sequene in Ured:
0→ Λ2(F (1))→ F (2)→ ΦF (1)→ 0
in whih the two nonzero left hand terms are nillosed. By Example A.9, (ΦF (1) :
F[u].u2)1 = ΣF, hene Proposition A.8 shows that the division funtor (− : F[u].u
2)
does not send this to a short exat sequene.
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